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Optimum Jack Loads for Static and Fatigue Tests

Fred Austin,* Theodore Balderes,† and Dino George‡
Northrop Grumman Corporation, Bethpage, New York 11714-3582

An automated procedure used at the Northrop Grumman Corporation to determine the jack loads for
static and fatigue structural tests is described. The procedure includes a recently developed method to
automatically compute jack loads that satisfy jack-capacity and jack-direction constraints, while provid-
ing a best � t to known internal moment, shear, and torsion loads. The engineering steps required to solve
this problem have been automated and integrated with the optimization procedure. Compared with the
semimanual approaches generally used in the industry, the new method has saved one-third to one-half
of the engineering time required to determine the jack loads on the A-6E and C-2A aircraft fatigue tests
while, providing a better � t to the moment, shear, and torsion loads.

Introduction

I N structural static and fatigue tests, hydraulic jack loads are
applied to reproduce, with as much � delity as possible, the

loads to which the structure will be subjected in service. This
paper describes a general method to determine the jack loads.
Naval aircraft are used as speci� c examples. All of the signif-
icant loading conditions, such as catapult takeoffs, � ight ma-
neuvers, free and arrested landings, dynamic landings, gravity
loads while at rest on the ground, etc., must be applied. These
loading conditions produce very different loading patterns that
are applied with one test con� guration. Loading conditions are
reproduced by matching the moment, shear, and torsion resul-
tants (MVTs) along a reference axis (usually the elastic axis).
In general, all six load components at prespeci� ed points on
the reference axis are matched.

Our previous procedure employed best-� t regression to min-
imize the sum of the squares of the errors between the desired
and the test MVTs. This method did not automatically modify
jack loads that exceeded their physical limitations. For exam-
ple, maximum loads are limited either because of jack capacity,
load-introduction capability, e.g., at some points, only tension
or compression loads can be applied, or airframe structural
limits. When the regression procedure produced a value of load
for a jack that could not be applied because of physical con-
straints, the excess load was redistributed manually. This was
very time-consuming when many of the conditions required
for a fatigue test (500– 1500) had to be adjusted manually.
Moreover, the resulting solutions generally did not minimize
the sum of the squares of the errors. An admittedly incomplete
survey of industrial and government engineers responsible for
the development of jack loads for structural testing indicates
that, except for Kaman Aerospace Corp., Bloom� eld, CT (as
discussed later), similar, and often less sophisticated, methods
are used to solve this problem.

In the new procedure, the problem is recast as a constrained
minimization problem. By using this formulation, the physical
constraints can be automatically accounted for, while ensuring
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an exact minimum for the sum of the squares of the errors.
This new procedure has been implemented in a computer pro-
gram developed at Northrop Grumman called Optical (opti-
mum for a constrained and linear system). The program gen-
erates jack loads that match the design MVT curves by
minimizing the sum of the squares of the errors subject to the
physical constraints on the jacks (such as jack capacity and/or
jack direction). Several available numerical search procedures
also were explored to solve this problem; however, because
the current method computes an exact solution for the mini-
mum, it always provided a minimum that was at least identical
to, and often better than, the solution provided by the existing
methods. Because this comparison was not exhaustive, a faster
method could exist; however, because only seconds are re-
quired to compute a solution, the optimization is, by far, the
fastest of the engineering steps employed in generating the
jack loads. Consequently, a faster method would not apprecia-
bly affect the total time needed to generate jack loads. How-
ever, in the future more complex problems could arise with
more jack loads, more loading conditions, more MVTs, types
of constraints, and the possible need to match internal � nite
element loads. Consequently, additional research is recom-
mended to thoroughly compare the method with other avail-
able approaches.

A thorough literature survey was conducted and revealed
only one other published procedure to automatically determine
the jack-load magnitudes, the generalized force-determination
(GFD) procedure developed at Kaman Aerospace Corporation1

GFD uses experimental information to determine the coef� -
cient matrix relating the test loads to the desired measure-
ments. Information conditioning � lters out the effects of mea-
surement noise from this matrix. Regression is used to obtain
a best � t to desired measurements, and if actuators exceed
limiting values, they are reset at their limits and the loads for
the other actuators are recalculated. This procedure is repeated
iteratively until no actuators exceed their limits. However, un-
like the approach in the present paper, the actuators that are
set at their limiting values are � xed at these values in all sub-
sequent iterations. If some of these actuators could vary in
their allowable range during the iteration process a better � t
would be achieved in many cases; consequently, GFD does
not always produce an optimum � t to the desired measure-
ments.

In contrast, in Optical, the coef� cient matrix is determined
analytically, and a method is used to identify which previously
� xed actuators should vary during the iterations used to satisfy
the load constraints. By allowing these actuators to vary, an
exact optimum � t to the MVTs is achieved.

In addition, those fully loaded jacks that should be increased
in capacity to most improve the � t to the MVTs are identi� ed.
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The program has been incorporated into Cogs, a Northrop
Grumman general � nite element analysis computer system, so
that data and results � ow automatically between Optical and
the other program modules such as the MVT calculation pro-
gram and the plotting program. This procedure was used suc-
cessfully for the calculation of the jack loads on the A-6E
fuselage fatigue test and on the C-2 total-aircraft fatigue test.
Numerous load conditions are employed in an aircraft fatigue
test; for the A-6E fuselage fatigue test a total of 470 conditions
were handled, whereas for the C-2A a total of 3147 conditions
were matched. Consequently, computing the jack loads is a
lengthy task that generally requires many person– months. By
minimizing the time to complete the optimization step, the new
procedure saved one-third to one-half of the person– months,
while producing a better � t to the MVTs.

Engineering Procedure
Many steps in the overall engineering procedure to deter-

mine jack loads are employed throughout the industry; how-
ever, the steps are repeated here for completeness. The steps
involve the generation of desired MVTs, separation of loads
into discrete and distributed quantities, assembly of geometry
and capacities, generation of coef� cient matrix, computation
of optimum jack loads, and comparison of desired and applied
MVTs.

The basic data that are required are 1) geometry and capac-
ity of independent jacks; 2) applied load conditions; and 3)
de� nition of the elastic axis for each aircraft component, along
which the MVTs will be computed.

Data on the geometry and capacity of independent jacks
include information on how the independent jacks are beamed
or distributed onto the structure through whif� etrees, straps, or
other � xtures. The basic data required to assemble the load
conditions are de� ned by the different engineering disciplines.
Concurrent loads are combined and each load condition is bal-
anced by incorporating additional inertia loads, as required.

The following operations are carried out for each major
component of the aircraft. First, the left and the right wings
are processed, then the empennage, and � nally the fuselage.
The fuselage is processed last because inputs from both wings
and the empennage are required for the fuselage.

1) Generate desired MVTs for fatigue conditions: Force and
moment resultant MVTs (Fx, Fy, Fz, Mx, My, and Mz), are
generated along the elastic axis for all of the fatigue conditions
using a program module in Cogs called MVT. This module
requires input data that fully de� ne each load condition. These
loads are analytically derived, but usually are modi� ed with
input from test data, if they are available, such as air-load data
from wind-tunnel tests or from actual � ights. The analyses are
performed with speci� c mathematical models that include 1)
aerodynamic air loads models, 2) weights models, 3) vehicle
maneuvers models, 4) dynamic models, and 5) landing-gear
loads models.

Loads data that are generated with the various models must
be combined, balanced, and applied to a common model. For
example, for a landing, aerodynamic loads are generated with
aerodynamic air-load models; inertia loads are generated with
weights models; and ground loads are generated with a com-
bination of landing-gear and transient-response dynamic mod-
els. All of the loads are transferred to the structural � nite el-
ement model where they are combined and then balanced with
inertia loads. These combined loads completely de� ne the
static or fatigue conditions and are used to generate the MVTs
on the elastic axis of the particular component.

2) Separate loads into discrete and distributed loads: The
loads are divided into two groups, discrete loads and distrib-
uted loads. Discrete loads are de� ned as loads coming from
discrete components of the aircraft such as the engine and the
landing gears. The intent is to apply these loads exactly with
designated jacks. Distributed loads are those resulting from the
inertia of the aircraft, distributed air loads, and any other ef-

fects that have not been accounted for. The distributed loads
are applied with a different set of jacks whose values are de-
termined by matching the MVT curves with a constrained min-
imization procedure.

All sources of discrete loads must be considered, such as 1)
engine(s), 2) pylons, 3) nose landing gear, 4) main landing
gears, 5) arresting hook, 6) rotodome, and 7) empennage.

At this point, the discrete loads may be modi� ed because of
practical limitations. For example, for catapult conditions the
nose landing-gear loads obtained from analysis often are mod-
i� ed by the criteria report that speci� es the maximum tow bar
force that is to be applied. Also, to apply the discrete loads
exactly with designated jacks, each discrete component would
require six jacks. The allocation of six jacks for each discrete
component is usually not feasible either because of the limi-
tation on the total number of available jacks, limitations on
physical space, or cost considerations. Experience and engi-
neering judgment must be used in deciding which force and
moment components will be matched and which will be ap-
proximated.

The full de� nition of the application of the discrete loads
during the test includes the geometry (location and direction)
and magnitude of all the jacks. When this is completed, MVTs
are computed for the discrete jacks along the respective ref-
erence lines. These MVTs are then subtracted from the MVTs
of the total loads that have been previously generated. The
resulting MVTs are the values to be matched by the prescribed
jacks and form the components of a vector called { ȳ}. These
MVTs represent the distributed loads, any discrete loads not
accounted for, or other load adjustments deemed necessary.
The procedure is repeated for each loading condition so that
there are as many vectors { ȳ} as there are loading conditions.

3) Assemble geometry and capacities of the jacks that will
be used to simulate the distributed loads: The de� nition of the
independent jacks that will be used to simulate the distributed
loads consists of the following information for each jack: 1)
location (X, Y, Z coordinates in the airplane reference system);
2) direction of applied load; 3) tension/compression capability;
4) method of application to the aircraft (whif� etrees, straps,
other � xtures and associated geometry); and 5) capacity. This
information is determined by the coordinated efforts of the test
group (� xture considerations), the stress group (airplane-struc-
ture and load-capacity considerations), and the structural me-
chanics group (applied-load requirements).

4) Generate MVTs for unit values of the above jacks along
the reference line of the component: Using the geometry of
the jacks, values for the moments, shears, and torsion are cal-
culated along the reference line of the component caused by
unit values of the jacks. The MVTs for each jack form a col-
umn of a matrix called [Ā].

5) Perform constrained minimization for distributed jacks
simulating distributed loads: The { ȳ} matrix, capacity and di-
rection of each jack, and [Ā] matrix are used as input to the
Optical program. Optical then performs the constrained mini-
mization analysis to obtain values of all the jacks that give a
least-squares � t to the MVT curves but also adhere to the
physical constraints of the test setup. Mathematically, Optical
solves the problem of � nding the jack loads (elements of {x})
that provide the best-� t solution to the equation:

¯[Q]([A]{x} 2 { ȳ}) ’ 0 (1)

where [Q] is a diagonal matrix that is used to weight equations
that are considered more important and must be satis� ed more
exactly. It is assumed that there are m MVTs and n jacks, and,
as is generally the case, there are more MVTs than jacks; there-
fore, [Ā] is an m 3 n coef� cient matrix with m $ n. The
approximately equal sign ’ is used because there are more
equations than unknowns; consequently, all of the equations
cannot generally be satis� ed. Each jack load (component xi of
the solution {x}) is constrained such that it must lie between
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a prespeci� ed lower bound xiL and upper bound xiU. The resid-
ual to Eq. (1) is

¯{r} = [Q]([A]{x} 2 { ȳ}) (2)

Optical � nds the best � t to Eq. (1), subject to the constraints
on the jack loads, in the sense that the 2-norm of the residual
\{r}\ = is minimized. In practice, solutions for aT{r} {r}Ï
group of problems can be obtained in one submittal, where
each problem can have a different load condition and con-
straints on the jacks.

The printed output includes the regression solution to Eq.
(1), i.e., the solution if there were no constraints as well as the
corresponding residual and its norm. These values may be
compared with the constrained solution to determine the re-
striction on the results that is caused by imposing the con-
straints.

An activity-indicator vector {w} also appears in the printed
output. The elements wi are nonzero only for solution com-
ponents xi that are at their upper or lower bounds. The size of
w i is an indication of the improvement in the solution that
would be obtained by relaxing the corresponding constraint.
For example, in structural test problems, increasing the capac-
ity of jacks with large wi would signi� cantly improve the � t
to the desired MTVs.

The derivation of the procedure used in Optical is presented
in the next section. While iteration is used to satisfy the con-
straints, we have found that solutions can be obtained very
quickly. Typically, a group of 300 problems with different load
conditions, 30 jacks, and 1000 MVT sampling points is solved
in less than 2 min on an IBM RS6000 workstation.

6) Combine discrete and distributed jacks: For each condi-
tion, the values of the set of jacks simulating the discrete loads
obtained in step 2 are combined with the values of the set of
jacks simulating the distributed loads obtained in step 5 to give
the values of the complete set of jacks for that condition.

7) Plot test MVTs vs design MVTs: Using the geometry of
the set of jacks and their values from step 6 as input to the
MVT command in the COGS system, moment, shear, and tor-
sion curves are computed for the test conditions. These curves
are then compared to the MVT curves generated in step 1.

Analytical Method
Equations (1) and (2) are rewritten as

[A]{x} ’ { y} and [A]{x} 2 { y} = {r} (3)

where

¯[A] = [Q][A] and {y} = [Q]{ ȳ} (4)

The solution {x} minimizes = \[A]{x} 2 { y}\ 2 =2\{r}\
āijxj 2 ȳi)

2, where q i is the ith diagonal element of2( q ((i i j

[Q], āij is the ijth element of [Ā], and ȳi is the ith element of
{ ȳ}. Usually, most of the q i are set equal to 1; however, if q i

is given a high value, the solution {x} will provide a better � t
to the ith equation āijxj 2 ȳi ’ 0, at the expense of the � t(j

to the other equations, because small errors in the ith equation
are multiplied by and can therefore still have a signi� cant2q i

effect on \[A]{x} 2 { y}\ .
Iteration is employed to satisfy the constraints. The iterations

start with the regression solution, i.e., the solution that is ob-
tained by disregarding the constraints, then two types of iter-
ation are employed. Initially, an aggressive set of iterations,
called basic iterations, is employed to rapidly move the solu-
tion toward the optimum, minimum \{r}\, value. However, the
basic iterations can cause the solution to oscillate, thereby pre-
venting convergence. Consequently, the basic iterations are
followed by a conservative set of iterations, called supplemen-
tary iterations, that move the solution slowly toward the opti-
mum, but very signi� cantly improve convergence.

During any iteration, some of the elements of {x}, called
active variables, are permitted to vary; and others, called in-
active variables, are � xed at limiting values in accordance with
logic that will be described. Accordingly, {x} is separated into
{x1}, which contains the active variables (with zeroes in the
locations of the inactive variables) and {x2}, which contains
the inactive variables (with zeroes in the locations of the active
variables). [A] also is separated into [A1] and [A2], where [A1]
contains the columns corresponding to the active variables, and
[A2] contains the columns corresponding to the inactive vari-
ables, and each matrix contains zeroes in the other columns.
Accordingly, Eq. (3) is rewritten as

[A ]{x } 1 [A ]{x } ’ { y} (5)1 1 2 2

or

[A ]{x } ’ { y } (6)1 1 1

where

{ y } = { y} 2 [A ]{x } (7)1 2 2

By setting [A]{x} = [A1]{x1} 1 [A2]{x2} in Eq. (3) and sub-
stituting Eq. (7)

{r} = [A ]{x } 2 { y } (8)1 1 1

so that {r} is the residual for Eq. (6) as well as Eq. (1) and
(3). To minimize \{r}\, the regression solution2 is employed;
i.e., the following equation is solved for {x1}:

T T([A ] [A ]){x } = [A ] { y } (9)1 1 1 1 1

However, {x1} may not be the � nal solution because some of
the constraints may be violated. Also, solutions, satisfying the
constraints, with lower \{r}\ could be obtained if some of the
previously inactive variables were made active. An iteration
procedure is employed to satisfy the constraints and drive the
solution to the optimum.

Basic Iterations

The general procedure for effecting the basic iterations is as
follows. During the � rst iteration each variable is active and a
regression solution is obtained. After each iteration each active
variable that violated a constraint is reset to the constrained
value and made inactive during the next iteration. Also, vari-
ables that were inactive during the previous iteration are ex-
amined to determine whether the solution might be improved,
i.e., lower the value of \{r}\, by making these variables active
during the next iteration. All variables that might improve the
solution are made active. Convergence is achieved when a so-
lution is obtained that is identical to the solution for the pre-
vious iteration (in the sense that it has identical sets of active
and inactive variables). An oscillation occurs when a solution
is obtained that is identical to the solution for an iteration prior
to the previous iteration because a group of iterations would
continuously be repeated if the iterations were continued. The
basic iteration procedure terminates when convergence is
achieved, an oscillation is detected, or a prespeci� ed number
of basic iterations is completed.

To determine whether a previously inactive variable should
be made active, each element of {x2} is varied by a differential
amount d{x2} to determine how this would have changed the
solution. If {x2} were varied, {x1} would change to {x1} 1
d{x1}. From Eq. (5)

[A ]({x } 1 d{x }) 1 [A ]({x } 1 d{x }) ’ { y} (10)1 1 1 2 2 2

To minimize the norm of the residual, the following equation
is solved for {x1} 1 d{x1}:

T T[A ] [A ]({x } 1 d{x }) = [A ] ({y} 2 [A ]({x } 1 d{x }))1 1 1 1 1 2 2 2
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Fig. 1 Movement of the solution to the constraint boundary.

Using Eqs. (7) and (9)

T 2 1 Td{x } = 2([A ] [A ]) [A ] [A ]{x } (11)1 1 1 1 2 2

The square of the norm of the error residual to Eq. (10) is

2E 1 dE = \[A ]({x } 1 d{x }) 1 [A ]({x } 1 d{x }) 2 { y}\1 1 1 2 2 2

Using Eqs. (7) and (8)

2E 1 dE = \{r} 1 [A ]d{x } 1 [A ]d{x }\i 1 2 2

If Eq. (11) is substituted and products of small quantities are
neglected

TdE = 22{w} d{x } (12)2

where E = {r}T{r} and

T T 21 T{w} = 2[A ] ([I ] 2 [A ]([A ] [A ]) [A ] ){r}2 1 1 1 1

From Eqs. (8) and (9), [A1]
T{r} = 0; therefore

T{w} = 2[A ] {r} (13)2

The inactive variables that lower E when permitted to vary by
a differential amount into the feasible region, i.e., into the re-
gion where the constraints are not violated, can now be iden-
ti� ed. From Eq. (12), it is seen that if inactive variable i is at
its lower bound, it will lower E when increased by a differ-
ential amount only if the corresponding element wi of {w} is
positive. Conversely, if inactive variable i is at its upper bound,
it will lower E when decreased by a differential amount only
if the corresponding element wi of {w} is negative. The vari-
ables that satisfy these criteria are made active during the next
iteration because they have the potential to improve the solu-
tion. This is accomplished by inserting them into {x1} and
inserting a zero into the corresponding element of {x2}. The
wi are called the activity indicators and are sometimes referred
to as Lagrange multipliers. The magnitude of w i is a measure
of the improvement in the solution that can be obtained by
activating the corresponding variable.

Every active variable that violated a constraint is reset to its
constrained value and is made an inactive variable for the next
iteration. To account for resetting these variables, the reset
value is placed into {x2}, and a zero is inserted into the cor-
responding element of {x1}. The next iteration is then initiated
by separating [A] into [A1] and [A2], computing { y1} from Eq.
(7), and {x1} from Eq. (9). Then, the procedure is repeated
until convergence, an oscillation, or a maximum number of
basic iterations has been completed.

Supplementary Iterations

The basic iterations quickly move the solution from the ini-
tial unconstrained regression solution to a vector that is much
closer to the � nal converged solution that satis� es the con-
straints. However, this procedure often does not converge;
therefore, after conducting a few basic iterations, the slower,
but more likely to converge, supplementary-iteration procedure
described in this subsection is performed. The supplementary-
iteration procedure is similar to the basic-iteration procedure,
except that the solution is moved more slowly toward the op-
timum. In each iteration, instead of changing the status of all
variables that violate the constraints from active to inactive,
the status of only one variable is changed. Also, instead of
changing the status of all inactive variables that would improve
the solution to active, generally only the status of one variable
is changed.

As indicated in Fig. 1, often several constraints are violated
by the solution {x} that is obtained at the beginning of any

iteration. Instead of moving the solution all the way from the
previous solution to the new solution {x}, which is in(p){x}
the infeasible region, a move of {x} 2 , it is moved only(p){x}
part of the way to the constraint boundary, a move of m({x}
2 where m is determined such that the only constraint(p){x} ),
violated is the � rst one encountered. The corresponding vari-
able is made inactive

(p) (p){x}* = {x} 1 m({x} 2 {x} ) (14)

Because \{r}\ 2 is a quadratic function of {x}, movement of
the solution from toward the partially unconstrained op-(p){x}
timum {x} guarantees a lower value of \{r}\ . Therefore, dur-
ing the supplementary iterations, \{r}\ cannot increase. It ei-
ther decreases, or it could remain � xed during any iteration
where one, or more, constraints are immediately violated.

To implement this process, Eq. (14) is solved for the value
of m that would move the solution to the constraint boundary
for each element xi of {x} that violates a constraint. The result
mi, has the following value

( p)x 2 xiL i
if x < xi iL(p )x 2 xi i

m = (15)i (p)x 2 xH iU i
if x > xi iU(p)x 2 xi i

To move the solution to the � rst constraint boundary that is
encountered, the value of m in Eq. (14) is set to the smallest
of the mi.

To determine whether activating any inactive design variable
would improve the solution, the sign of w i of each design
variable is examined in accordance with the procedure of the
preceding subsection. If the sign indicates that an improvement
would be achieved then this variable is considered a candidate
to be made active. In accordance with Eq. (12), the magnitude
of wi is a measure of the improvement in the solution that can
be obtained by activating the corresponding variable; there-
fore, the variable that is activated is the candidate with the
largest uwi u .

The iterations are repeated where, at most, one variable is
made inactive, and, at most, one variable is made active during
each iteration. An exception occurs when more than one can-
didate has the same value of the largest uw i u . In this case all
of the candidates with the same maximum uw i u are made active.

Numerical Example
For the A-6E fuselage fatigue test, a total of 470 load con-

ditions were matched. As an example, the maximum normal
load condition, a 6.5-g symmetric � ight maneuver, is dis-
cussed. Matches, i.e., comparisons of desired and achieved
MVTs, of vertical shear (Fig. 2), vertical bending moment (Fig.
3), and torsion (Fig. 4) are shown for the wing; whereas for
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Fig. 2 Desired and achieved vertical shear (FZ) on left wing for 6.5-g symmetric � ight condition of A-6E fuselage fatigue test.

Fig. 3 Desired and achieved vertical bending moment (MX) on left wing for 6.5-g symmetric � ight condition of A-6E fuselage fatigue
test.

Fig. 4 Desired and achieved torsion load (MY) on left wing for 6.5-g symmetric � ight condition of A-6E fuselage fatigue test.
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Fig. 5 Desired and achieved vertical shear (FZ) on fuselage for 6.5-g symmetric � ight condition of A-6E fuselage fatigue test.

Fig. 6 Desired and achieved normal bending moment (MY) on fuselage for 6.5-g symmetric � ight condition of A-6E fuselage fatigue
test.

the fuselage matches of vertical shear (Fig. 5) and normal
bending moment (Fig. 6) are illustrated. Theoretically, the pro-
cedure provides an exact optimum solution. Note that the
matches between the desired analysis and test values of the
MVTs all are excellent, while the constraints of the jacks are
not violated. For the A-6E, a total of 120 independent jacks
were used, 35 for each wing and 50 for the fuselage.

Conclusions
The determination of jack loads for static and fatigue aircraft

tests is a lengthy and expensive task. An engineering procedure
is described that incorporates a new method to rapidly generate
jack loads and provide an exact optimal match to desired
MVTs. On the A-6E fuselage fatigue test and the C-2A total-

aircraft fatigue test it is estimated that the procedure saved one-
third to one-half of the person– months while producing a bet-
ter � t to the MVTs. For each solution, the optimization portion
of the procedure requires only a fraction of a second on an
IBM RS6000 work station; however, additional research is re-
quired to determine whether other optimization approaches
would solve the problem more rapidly.
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